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Abstract: A procedure to obtain higher-derivative free massive actions is proposed. It 
consists in dimensional reduction of conventional two-derivative massless actions, where 
' solutions to constraints bring in higher derivatives. We apply this procedure to derive 

the arbitrary dimensional generalizations of (linearized) New Massive Gravity and New 
Topologically Massive Gravity. 



1 Introduction 



Gravity as a theory of massive spin two particle has been considered by many authors 
in view of its possible advantage in Cosmology. However, a conceptual problem arises 
concerning the fate of diffeomorphisms. Indeed, the (linearized) diffeomorphism invariance 
is broken in the Fierz-Pauli (FP) massive action (which describes a free massive spin two 
particle) by the mass term. 

New Massive Gravity In three dimensions, there exists another description of free 
massive spin two (with the linearized Einstein tensor equal to — \ G^ v ): 

Snmg[V] = / d3x ( RtlV V - \& - X HIJV ' (L1) 

whose nonlinear version, the so-called New Massive Gravity (NMG) [1, 2], admits the dif- 
feomorphism invariance. Although this action is of fourth order in derivatives, the theory 
is unitary due to the fact that the (massless spin-two) ghost mode does not propagate in 
three dimensions. Moving from three to four dimensions, it has been shown [3] that a 
similar mechanism can be realized by a four-derivative action. The latter is formulated 
in terms of a field h pV:P satisfying h pU)P = —h uPjP and h pU)P + h vPyP + h pPyV = . A reason- 
able generalization of NMG to arbitrary d dimensions would involve a field of the hook 
symmetry: 

| a!- 2, (1.2) 

describing a massive spin two, that is, the □□ representation of the massive little group 
SO(d-T). 

(New) Topologically Massive Gravity Besides the diffeomorphism invariant NMG, 
the introduction of higher-derivative terms also allows Lorentz-invariant description of a 
parity- violating single spin- two massive mode. Topologically Massive Gravity (TMG), the 
first action shown [4] to have such a spectrum, is of third order in derivatives. There is also 
a fourth-order model, so-called New Topologically Massive Gravity (NTMG) [5, 6], whose 
linearization reads 

SntmcM = / d3x R ^~l R2 + J ^ P K d » GW) • (1-3) 

The d-dimensional generalization of TMG has also been found in [7], and it concerns the 
(long) window representation: 

pe2N+l, (1.4) 



for the dimension d = 2p + 1 . Hence, it exists only for mod(d, 4) = 3 . 

Field theories with more than two derivatives are usually considered to be pathologi- 
cal, as they generically contain ghost modes. However, as one can see from the examples 
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of NMG and (N)TMG (see also [8-14]), certain higher-derivative Lagrangians actually de- 
scribe unitary propagation, at least at the linearized level. As we have briefly mentioned for 
NMG, what underlies the unitarity of these theories is that the ghost modes become pure 
gauge in certain dimensions. This becomes possible by employing particular (unconven- 
tional) off-shell fields for given dimensions, as the field (1.2). Several higher-derivative uni- 
tary theories have been constructed relying on this property, while the constructions have 
been, in our viewpoint, rather heuristic. Having a more systematic way to derive higher 
derivative actions might be useful in understanding and controlling the (non-) unitarity of 
corresponding field theories. 

In the present letter, we propose a systematic procedure to derive a class of free higher- 
derivative massive theories with unitary propagation. It is based on two observations: first, 
any conventional free massive theory can be obtained from the corresponding massless one 
by dimensional reduction. Second, the Hamiltonian constraints, inherited from the gauge 
symmetries of the massless action, can be solved by substituting the fields with derivatives 
of fields of other type (see e.g. [15, 16]). Hence, massive actions with higher derivatives 
can be obtained by the following procedure: 

1. Begin with a (d + l)-dimensional massless action in the Hamiltonian formulation, 
where the conjugate fields are defined with respect to a spatial (say z) derivative 
instead of the temporal one. 

2. Solve the Hamiltonian constraints and substitute the (conjugate) fields with the cor- 
responding solutions. This step increases the number of derivatives of the theory. 

3. Perform dimensional reduction on the coordinate z to render the theory massive. Use 
dualizations and on-shell equivalences to rewrite the action in different ways. 

The unitarity as well as the correct number of the degrees of freedom (DoF) is guaranteed 
since the propagating content is not affected at any step. It is worth noticing that this 
procedure dictates the particular off-shell fields necessary for the non-propagation of ghost 
modes. In principle, the procedure is general so applicable to any kind of spectrum, but 
in this letter we focus on two examples: the d-dimensional generalizations of NMG and 
NTMG. 1 

The derivation of NMG in any dimensions, starting from the FP massless action, is 
presented in Section 2. In this case, we have a shortcut since a constraint appears already 
in the Lagrangian formulation. We perform dimensional reduction and solve the constraint. 
This results in a fourth-order massive action with unconventional gauge symmetry. Dual- 
izing the field and using on-shell equivalence, we get the d-dimensional generalization of 
NMG. In Section 3, we turn to NTMG. We first consider the topologically massive p-form 
field action, whose construction shares the key features with that of NTMG. In this con- 
struction, we eventually diagonalize the action to recast it into two copies of topologically 
massive action. As a byproduct, we also present the (anti-)self-dual massless action for 
these fields. Finally, Section 4 and Appendix A contain respectively our conclusions and 
the derivation of some higher-derivative massless actions. 

1 In this paper, NMG and NTMG refer to the linearized versions of these theories. 
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2 New Massive Gravity 



In this section, we show how the NMG action in d dimensions can be obtained from the 
FP massless action in d + 1 dimensions. 

2.1 Dimensional reduction 

The (d + l)-dimensional FP massless action reads (with z := x d ) 2 

S[n mn \ = jj d d xdzH mn g mn , (2.1) 

where / H mn is the spin-two field (that is, the metric fluctuation) and — \ Q mn is the corre- 
sponding (linearized) Einstein tensor. The usual dimensional reduction consists in fixing 
the z-dependence of the field as 

V.^(x,z) = s'm(mz) h^ u (x) , 
y-tid(x,z) = cos(m z) h^x) , 

U dd (x, z) = sin(m z) h dd (x) , (2.2) 

with the compactification z € [0, 2n/m]. After removing the z-dependence with the inte- 
gration over z , one ends up with the following massive action (modulo a factor of ir/m) : 

S[hfu,, h^d, h dd ] = 5 E [/i|tt/] — S M [mh^ u — 2d^h v ^ d ] 

+ \j d d x h dd (&> d v v - D K) • ( 2 - 3 ) 

S E and S M are respectively the d-dimensional FP massless action and the FP mass term: 

Sv [ V] = \ f ddx W v G, w , 5 M [ V] = \\ ddx ( hr V " K hV ») ■ ( 2 - 4 ) 
The action (2.3) admits the Stueckelberg symmetries: 

5 h^y = dfj, + % Cfi , 5h lld = m£ ll + d ll £d, 5h dd = -2m£ >d , (2.5) 

and, gauge fixing these symmetries, one gets the FP massive action. 

At this point, we take a non-standard way to proceed: we integrate-out the Lagrange 
multiplier h dd instead of gauge- fixing it. This gives the constraint: 

Wh^-UhP^Q, (2.6) 

which can be solved as (see [16-19]) 

= dP UpM ~ J^l <f> P \ , A J , (2.7) 

2 We use mostly plus signature. The latin indices m,n, . . . run from to d , while the greek 
ones n, v, . . . to d — 1 . The (anti-)symmetrization of indices are with weight one. For example, 
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where 4>iiv,p satisfies 



{p.u),p 



pi having the symmetry of 



(2i 



After gauge-fixing the remaining h p d , 3 one ends up with the following action for <j>n V ,p '■ 



S[<t>iw, P ] = S E [h^ u ((p)] - m 2 S M [h 



(2.9) 



This is nothing but the FP massive action with h^u = hnv{4>) (2-7). Although the novelty 
of this action vis-a-vis the FP one seems to be trivial, it actually encodes key information 
about NMG. Indeed, we will show in the following that the action (2.9) admits the gauge 
symmetries which are equivalent to those of NMG. This point will become manifest after 
dualization — the subject of the next section, so let us conclude the present section by listing 
all the gauge symmetries of the action (2.9): 

• Firstly, the function h^^) itself is invariant with respect to the following gauge 
transformation: 



P v iP 



d x I e 



i 



'\/j,i/,p 



' (JLVp,\ 



(2.10) 



in the sense that fi^fy) = h^i^ + 8(f)) . The gauge parameter 9 puP) \ is a tensor 
totally antisymmetric in the first three indices and satisfies 0^ vp x\ = : it has the 
symmetry of 

n . (2.11) 



Secondly, the action (2.9) admits the gauge symmetry: 

S (f>pu,p = (Vpp, d v -Vpud^a , 



(2.12) 



induced from the transformation (2.5): it gives Sh^^) = d p d v a . However, as we 
will see, this symmetry does not have any counterpart in NMG. 

2.2 Dualization 

In order to see that the action S[4>n UtP ] coincides with the NMG ones, we need to dualize the 
field 4>/j,v,p ■ The GL(d) irreducible tensor (j)^^^ is dual to the direct sum of two tensors 



(2.13) 



where the symbol ~ of Young diagram denotes the traceless-ness. Analogously, the gauge 
parameter M1WM3) i, is dual to ■&^ 1 ..., Md _ 3 , v and 5 M1 ... Atd _ 2 : 



3 In fact, the general solution of the constraint (2.6) also involves an arbitrary vector field 
hfiv —¥ h^v + dt^Av), but it can be gauge-fixed together with h^d ■ 
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i) 



(2.14) 



In the following, we specify these relations and show that the dual action becomes that 
of NMG after integrating-out (pu 1 ...u, d _ 1 ■ We first consider the three dimensional case for 
simplicity, and then turn to the arbitrary dimensional case. 

2.2.1 Three dimensions 

Let us define the dual fields for the hook tensors 

1 



C PP<T ' 



piP2,f an d dfJ,i/J,2fJ,3,U 
[ <P[fj,v] = = (fi^ u ) } 



as 



0, 



1 

3! 



' paX ^ ' p ' 



(2.15) 



Note that in three dimensions, there is no distinction between i? and i? . The inverse 
relations of the above formulas are 



2 

3 1 ' 



1pu\v = 3e K [ p(7 r]x] u ft K . 



[ P V 



/tlx 



(2.16) 



In terms of the dual fields, the gauge symmetry (2.10) reads 



(2.17) 



Let us remind the reader that the action Sty^p] (2.9) is given through h^ u (cp) (2.7) and 
has two terms: the four-derivative one S E \huv {4>)\ and the two-derivative one S M [hp V {cj))] . 
In the following, we recast these two terms into functionals of the dual fields, using the 
expression of h^ u : 

(2.18) 



Ku(<f, <$) = t p <j(p d p <P C 1 v) + t. e K\{p d v) tp 



kX 



Four-derivative part Let us first consider the four-derivative part, S E [huv((p, £0] • One 
can notice that the tp^ part of (2.18) does not contribute since it has a form of a gauge 
transformation (2.5) with the parameter £^ = ~ €p K \ p> KX . Hence, one ends up with a four- 
derivative action of (p^ with gauge symmetry (2.17), which is proportional to the Bach 
action 4 : 



S E [h,j.v(<P,<p)] = S B [<p 



[XV \ 



s B [p, 



pv\ 



d d x G^ S 



pv • 



(2.19) 



Here (p^ is a traceful tensor whose traceless part is given by (p^ , and Sp U = Gp V — \ r}p U G p p 
is the Schouten tensor. The second equality holds thanks to the Weyl symmetry of the 
Bach action. 



4 There is a unique four-derivative action for any field of two column Young diagram, which is invariant 
under the corresponding gauge and Weyl transformations. In this paper, the latter will be referred as Bach 
action. 
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Two-derivative part The two-derivative part, S , M [/i /i!y (^, (p)] , is given by 



(2.20) 



The antisymmetric field tp^ can be integrated out from the above action by solving the 
^y-shell condition: 

d [p dPp u]p + d [p d^ u]p = 0, (2.21) 

as 

d p <Pw + dP $w = d nX- (2-22) 
Here x is an arbitrary field subjected to the condition: 

U X = d p d v (p pv , (2.23) 

which is inherited from the antisymmetric property of <p pu : d^d v pi^ u = . Hence, on the 
tjj^-shell, the action (2.20) becomes 



(2.24) 



with x satisfying (2.23). The latter condition on x can be viewed as an x-shell one resulting 
from an off-shell action S$puvi x] ■ Indeed, one can determine such an action as 



1 f 1 



(2.25) 



Let us notice that, as a consequence of (2.17) and (2.23), the field x is subject to gauge 
transformation: 

6x=zW> (2-26) 
so one can consider the following combination of </?„„ and x '■ 



1 

tffiV '• = W + 2 V- X , 



(2.27) 



that has a standard gauge transformation: 

S<p^ = d ( ^ u) . (2.28) 

Therefore, the action (2.25) is a two-derivative functional of <p pp with the gauge symmetry 
(2.28). This implies that it must be proportional to the FP massless action. Indeed, we 
get 

S M [h pu (p,(p)\ « S E [ip pu ] , (2.29) 
where, by ~ , we mean the on-shell equivalence. 

Collecting the four- and two-derivative terms, one ends up with the action: 

S E [h pu (yi, p)\ - m 2 S M [h pu (ip, p>)] « S B [p pv ] - m 2 S E [p pv \ , (2.30) 
which is nothing but the linearization (1.1) of NMG [1]. 
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2.2.2 General d dimensions 

Arbitrary dimensional case is a straightforward generalization of the three dimensional one, 
so we provide the formulas parallel to the three dimensional ones, minimizing repetition of 
comments. 

The field 4> pa ,u and the gauge parameter 9 p(J \ v are dualized, instead of (2.15) , as 



^/Ltl-"yU d _ 3 ,l/ + '&H 1 -IJ,d-3' / ~ e Ml"-A*d-;iPcrA ^ P 'u ) (2.31) 

where cp and i? are totally antisymmetric tensors, while (p and are hook-type ones with 
^i-/id-a,f] = = %i-p d -3,H • Tne inverse relations are given by 

(d — 1)! Atl "' Atd_2K ' p ' 

(9 . — ^ ( f . ,9>l-Md-3, . 

CpcrA,i/ — 2^ _ g\j ^ fc Pl"-Pd-3P°"A </ 1/ fc ^i-/i d _3i/[/9<T u A] 

+ e m-^- 3 «[P^A], , (2.32) 



and the gauge symmetry (2.10) becomes 



1 



•P 



+ ^[Pd-2 'Vl—Md-s]" ^[Pd-2 ^Ml— 3 ^[Pd-2 ^ ^l— Md-3]/: 

= V...^]. (2.33) 

Plugging (2.32) into (2.7), one gets 

Mfc $0 = T^yy e Pi-Pd- 2 A(/, 5 A + T^TjT e — --^ ^ <T1 "" J " 1 • ( 2 - 34 ) 

We now plug the above solution in the action (2.9). The antisymmetric field ^...j,, j 
does not contribute to the four-derivative part S^h^^, (p)] due to gauge invariance of the 
latter. The resulting action is the Bach action for the hook field ¥>«i— Md-2 ^ • 

S B [Mfc0)l = S»l<Pn~^,»] ■= 4( /_ 2)! / d^G^-^-^5 w ... Md _ 2) ,, (2.35) 

where G ftl "' ftd - 3 ' v and S^ 1 "'^- 2 V are respectively the generalized Einstein and Schouten 
tensors given by 

nm— Md-2, _ f a aA ..pi— Pd-2, 

" ^ — c t Pl'--Pd-2Ap "^K U kjj a 

S^'-^V = G til "' tld -* , v - - S^ 1 G^-Hd-alp . (2.36) 



-7- 



Let us notice that the Bach action (2.35) has the Weyl symmetry & { P^--- l L d _ 2 ,v = Vvlm cW-Md-a] > 
where the parameter aw- a d _ 3 is a totally antisymmetric tensor. 
On the other hand, the two-derivative part is given by 



5m [/v (<?><£)] 



1 



4(d-2)! 



d 3 x 



v) 



and its y-shell condition: 
admits the following solution: 



(2.37) 

(2.38) 

(2.39) 
(2.40) 



Analogously to the three dimensional case, one can show that the action (2.37) is (on-shell) 
equivalent to the action: 



52 [tPux- 



1 



|Ud-2>"! X|tl — Md-3j 



4(d-2)! 



\ t P2---pd(H u r v)j 



(d-2)\ 



1 ^2 



possessing the gauge symmetry given by (2.33) and 

2 
3 

The following combination of (p^-^^^ and Xni—Hd-z 



1 



,(2.41) 



(2.42) 



(2.43) 



leads to the usual gauge transformation: 

* ^i-W-a," = ( d " 2 ) [^d-2 V"/^- 3 ]," + 5 [M d -2 V-M-a]* " a [Md-2 • ( 2 - 44 ) 

Therefore, the two-derivative part of the action becomes the (generalized) Einstein action 
for the hook field [20] ^ 1 ... /i(j _ 2 ,i/ : 



<Sm[/v(& £)] ~ 'S'B^Mi-A'd-a.f 
Finally, the total action reads 



1 



4(d-2)! 



^\ - Pd-2^\ > 



(2.45) 



(2.46) 



and it generalizes the NMG actions [1, 3] to arbitrary dimensions. In the massless limit, 
one ends up with the Bach action, which propagates a massless spin two and a scalar (see 
Appendix A for the proof). 
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3 New Topologically Massive Theories 



In this section, we turn to the so-called New topologically massive theories, and show how 
the actions of those theories can be obtained from the ordinary formulation. Our analysis 
goes alongside the works [15, 16] whose main concern is the EM duality The difference, 
or novelty, of our method lies in introducing the Hamiltonian with respect to a spatial 
direction z rather than time x° . This allows dimensional reduction on the z direction, at 
the same time increasing the number of derivatives by solving Hamiltonian constraints. We 
consider two types of fields: p-form fields and two-columns fields of height p . For p = 1 , 
they provide the Maxwell-Chern-Simons(CS) action and NTMG, respectively. 5 

For the sake of brevity, from now on, we use notation fi\p] for totally antisymmetric 
indices fix ■ ■ ■ fj, p . 

3.1 p-form field 

For a better understanding of the derivation of NTMG, we first consider that of the topo- 
logically massive p-form action. We essentially follow the work [15] where (anti-)self-dual 
p-form action has been derived. 

We begin with the action of a p-form field A m [ p ] in d + 1 dimensions: 

1 



S[A 



m[ P ]\ 



d d x dz 



2(p + l)! 
1 



d d x dzJ^^K 



m[p+l] 



1 



2 (p + 1)! ' FfLlP+1] ^ tlp+1] + 2 pi V &zAm 



V dfj,Adfj,[ p -i] 
where Jvnip+i] is the field strength defined by 

•F m[p+i] := (p + !)• dmA m \ P ] ■ 
We introduce the canonically conjugate field with respect to the coordinate z as 

ttMW := _ 5S . = -d z A m +pd^A Mp ~ 1] , 



S{d z A^ lp] 
then the action can be written as 

/ d d xdz 



(3.1) 
(3.2) 
(3.3) 



S[A 



m[ P ]i 



7T 



J_ fJ,[p] f) A , _ |t[p] 



1 



pi 



2 (p + 1) 



J7/J[p+1] J7 



+ 



1 







(3.4) 



Note that the sign of "momentum" squared term is unusual since the role of "time" is 
played by the space-like coordinate z . Due to the p-form gauge symmetry, the action (3.4) 
involves a Lagrange multiplier Ad/j,\p-t\ ■ The corresponding constraint, 



d^ [v] = . 



(3.5) 



It is known that in three dimensions, due to existence of the CS term, there exists a Lagrangian 
description for one propagating mode of massive spin one. It can be described either by the first-order 
action [21], or by the second-order (Maxwell-CS) one [4]. For the fields with spin greater than one, there 
are more than two different actions which describe the propagation of a single massive mode in three 
dimensions [4-6, 22-32]. 
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can be solved by a totally antisymmetric field as 

vr^ M = d u B mu . (3.6) 
At this point, we focus on the dimension d = 2p + 1 , and dualize the solution field as 

In terms of the dual field B u ^, the action (3.4) is given by 

1 



S[A mi B m ] = J d 2p+1 xdz 



_ ,/i[2p+l] Q A f) to 



7"M[p+i] 7 TTMb+i] 77 



(3.8) 



2(p + l)r WP+iJ 2(p + l)! 

where J^+ij := (p + 1)! c^B^] is the field strength of B m . 

(Anti-) Self-dual p-form (p = 2k) 

Let us focus on the first term of the action (3.8): 

^[AuMi^um] := / j) 2 J d 2p+1 x dz e^ 2 ^ 1 ^ d z A^[ p ] d^B^ p ] , 
which has the following symmetry property: 

V[A m ,B m ] = {-iyv[B m ,A m ] . (3.10) 

For even p = 2k (with dimensions d + 1 = 4k + 2), it becomes symmetric so that one can 
decompose the action into those of self-dual and anti-self-dual p-form: 



(3.9) 



Here, the action of (anti-)self-dual p-form [33] reads 



S ± c{A m } = \ J d 2p+l xdz 



. 1 ,A*[2p+l] Q yl Q yl _ -p/l[p+l] 77 

(^,1)2 "m^MW -^Mb+i] 



(3.12) 



Topologically massive p-form (p = 2/c + 1) 



When the form-degree is odd: p = 2/c + 1, that is when d = 4k + 3 , one can consider the 
dimensional reduction: 

A m (x,z) = cos(mz) A m (x) , B m (x, z) = sin(m z) B m (x) . (3.13) 

Then, the first term of the action (3.8) gives 

P[A m ,B m ] := -L j d 2p+l xe^A m d^B m , (3.14) 
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which has a different symmetry property compared to (3.10): 



(3.15) 



Hence, it becomes symmetric for p = 2k + 1, and the dimensionally reduced action can be 
again split into two copies of topologically massive action with opposite mass: 

S[A m , B m ] = S T [+m; A+J + S T [-m; A~ [p] ] , Aj w = -J= {A m ± J5 MW ) , (3.16) 

where S T is the p-form generalization of the Maxwell-CS action: 



S T [m; A 



■MM J 



_}: z?Mb+i] 77 i m ^MPp+i] 4 .a /t 



(p + 1)! WP+11 Cp!) 2 

3.2 Field with two-column Young symmetry 

Let us consider now the fields with two-column Young symmetry: 



(3.17) 



n : 



p , 



(3.18) 



or, the [p,p]-symmetry fields. 6 We begin with the (d+ l)-dimensional massless action [20] 
for [p,p]-symmetry field: 



S[U 



n[p] i 
m[ P ]\ 



4(p!) 2 ' °n[2jH-l] u mTT~m[p] u rL m[ P ] 



where is the generalized Kronecker delta: 



A m[ P ] _ i-mi-TOp , r[mi A m p ] 

°n[ P ] - Oni-np — P- 0[ ni " ' %,] ■ 



(3.19) 



(3.20) 



This action describes a massless particle carrying the helicity representation of [p,p] Young 
diagram, and it is invariant under the gauge transformations: 



XO/ m M _ f) tmfr] i flmtm|f-l| 
un -n[p] ""nWH] 1 " 11 Sn[p] 



(3.21) 



with the — l]-symmetry parameter i™^!^ ■ 

For our purpose, we first write the action (3.19) in a way that the spatial direction z 
is distinguished: 



S[U n[p] 



m[p]i 



d d xdz 



jtMPp+i] a njv[p] au n/V[p] , ( rMPp] njdu[ v ~i\ o ™ o/^M 

°i/[2 P +i] rt MM 17 rt MM o r/„ 1 mi 9 °^[2p1 rt dur D -n a M 17 rt MM 



4 (p!)2 u ^[2p+i] A 4 /L MM ^ MM ~ 2 [(p — l)!] 2 [2pl ^Mb-i] 
_ , , \ 2 



+ 



4(p!) 2 "^ [2p| V" z '" Atbl <*a*Ip 
Then, we introduce the canonically conjugate field as 
5S 



v<]jdv[p-i] 
MM 



pm ._ 



6(d z H 



rMMpM / _a -iy^M i ^^-ly^M-i] i „fl •j/i'M \ 
°CT[p]y[p] I t/ z n MM MM ' P P df.i[p—i] J ' 



(3.22) 



(3.23) 



6 In this paper, the [p, q] -symmetry refers to the index symmetry of two-column Young diagram with 
respective height p and q . 
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and recast the action (3.22) into the Hamiltonian one as 



2 (pi) 2 ""H Z '>W 

1 -MM -MM L 

4(p?)2 'MM ""M ""W 4(p!)2 



I ^^t 2 ?] -MM -MM _ JTMPp+1] O -l/^M Qfa/f[p] /o 94 \ 

^ /„n2 7/i[2p] ^V\p\ ^V\p\ . , n2 l /[2p+l] U ^ rt ^[p] ° rt p[p] [O.^ti) 



njv{p-i}d p. v u[ P ] , ( 1) P jjMPp] T/^[p-l]d a pMnjVfr] 

■ n u\p\ " 71^1 "I" „ v r 2 , ft , UnU tin. 



2(p- l)\p\ fLlp] w 2[(p- l)!] 2 [2pl Mb-i]<* ^ MM 
Here, Tuppl is the inverse of d^p] defined by 

r/i[p]p[p] <T[p]K[p] _ _ _ c/l[p] cK[p] Mnr\ 

°a[p]v[ P ] lp\p]X\p] ~ (p\\2 °A[ P ] °v[p] ■ {O.tO) 

The last line of the action (3.24) involves two Lagrangian multipliers and the system is 
subject to the corresponding constraints: 

^< P J = , 8%l] duPHX = . (3.26) 

By solving these constraints, one can transform the action (3.24) into a higher-derivative 
one. 



< p | = d p d°U%$ , (3.27) 
where U^t^ is a [p + l,p + l]-symmetry field. When d = 2p + 1, the traceless part 



First, the constraint on the conjugate field can be solved as 

l v\p\ ~ u p u L^o-vip] 1 

I„„U±1 „±11.„ 

of U^+lj vanishes identically and it is equivalent to its trace part, that is a \p,p]- 
symmetry field: 

7/MlP+l] _ r/i[p+l]p[p] ; ,a[p] (n r)o\ 

M I/[p+l] ~~ °^[p+l]cr[p] M p[p] • 

In terms of (which can be also viewed as the double dual of ) , the solution 

for the conjugate field has the form of the (generalized) Einstein tensor G^M for \p,p]- 
symmetry field: 

<W = G MW (w) = ^WPb+ij a/W ;H . (3. 29) 

The second constraint in (3.26) can be solved as 

ay"M _ I ^pMp] ( fl.yMp] , flAyPM \ /o on\ 

rt pM ~ 2 At[p,pW V g[p] ^° v \<j\p\) > (d.auj 

where V^[p] +11 is a [p + l,p]-symmetry field. After dualizing V„ w +11 , the solution can 
be recast into 



1 

2 

(3-31) 

where W„{^Li] is a \p,p— l]-symmetry field given by the trace part of V^ +11 . V^^ip] 
is the dual of the traceless part of V^,^ 1] so it has [p,p]-symmetry. Since the trace 
part of V^pj^pj does not contribute to the expression (3.31), we consider henceforth 
Vn\p],v\p) as traceful. 
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71"^ is given by the Einstein tensor, the action is invariant under the gauge transformation 
of "Hum • Consequently, the W^ffLi] terms in the solution (3.31) do not contribute, and the 



We substitute the solutions (3.29) and (3.31) in the action (3.24). Notice first that, since 

l V[p] 

action becomes a functional of two [p,p]-symmetry fields U^] and V^j ■ All in all, the 
resulting action reads 

= (p! 



/i[2p+l] o -v; o (~<V\P\(1J\ 



+ 1 Ggj (W) Sgj (W) + 1 GX (V) 5® (V) ] , (3.32) 
where S^j is the [p,p]-symmetry generalization of the Schouten tensor: 

C v Ip] .— -,^[p]o"[p] f-ip\p] /n qq\ 

°H\p] ■— 7/ib>]p[p] ^crM • (O.DO) 

Let us make a few comments on the expression (3.32). The first and second terms are 
straightforward result of the substitution. They are invariant under the gauge plus Weyl 
transformation: 

Mffl = 9^Z" ] + ^C-n + # > ( 3 - 34 ) 

due to the property of the Schouten tensor: 

S v ^{5U) = d^aXA- ( 3 - 35 ) 

In fact, they are unique functionals, up to factors, invariant under the transformation 
(3.34) and involving three and four derivatives, respectively. One can see as well that the 
third term of (3.24) gives that of (3.32), by examining their symmetries. In eq. (3.31), the 
solution for is invariant under 

5 = d^Z" ] + d ^ZU + # > (3-36) 

5 W^U = -epb+/ W ^ P e^Li] • (3-37) 

Since W^iy decouples from the action, the third term of (3.24) is invariant under the 
transformation (3.36) , so is necessarily proportional to the last term of (3.32), that is the 
Bach action. The overall constant can be easily fixed by comparing the V^J D 2 V^ 1 terms. 

(Anti-) Self-dual [p,p]-symmetry field (p = 2k) 

Let us consider the first term of the action (3.32): 

-PPZ] , Vgj] := I d^x dz d z V m , m fyGgj (U) , (3.38) 

which has the symmetry property: 

nu2l v m] = (-wp\tf$,tf$\ ■ (3-39) 

For even p = 2k (with dimensions <i+l=4fc + 2), it becomes symmetric and one can 
decompose the action into those of self-dual and anti-self-dual fields: 

SVZ>V!&] = S + oH { T]+S-o[% { T\ , *£S W = ^ M ±Wg]) . (3.40) 
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The action of (anti-)self-dual [p,p]-symmetry field reads 

5 ± ctt!] = 2p*/ d2p+lxdz [ T e " l2p+1] 9 **^ V^SSC*) + O*) S2$W 

(3.41) 

Topologically massive [p,p]-symmetry field (p = 2k + 1) 

If we perform the dimensional reduction: 

UZ\ i?,z) = cos(m z) U$] (x) , V m (x,z)= sm(m z) V™ (x) . (3.42) 
then, the first term of the action (3.32) gives 

PPX , V;$] := / d 2p+1 x V, M , u[p] fyGgj (17) . (3.43) 

satisfying 

PPZI VJ$\ = ("1) P+1 ^C'd • ( 3 - 44 ) 
When p = 2k + 1 (with d = 4A; + 3), the above functional becomes symmetric. Conse- 
quently, the dimensionally reduced massive action can be split into two copies of topologi- 
cally massive action with opposite mass: 

(3.45) 



with 



1 



m ^ lpmp] d, GZ {4>) + GX (0) SZl (4>) 



(3.46) 



This action S'ntmg generalizes NTMG (which corresponds to p = 1 case) to [p,p]-symmetry 
field, and describes half of the helicity states carrying the [p, p]-symmetry representation. 

4 Conclusions 

In the present paper, we have shown how a class of higher-derivative massive theories 
with unitary propagation can be obtained from dimensional reduction of ordinary massless 
actions. The procedure used here for NMG and NTMG can be also applied to higher spins, 
and it would be interesting to compare the results in three dimensions with the actions 
recently obtained in [10, 12, 29, 30]. It is also tempting to speculate that, in the case of 
three dimensional higher spins, there may exist more than one higher-derivative massive 
theories which make use of the hierarchy of actions derived in [34] (see also [35] ) . Hopefully, 
we will report about these issues in the near future. 
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A Appendix 



In this Appendix, we consider the massless limit of the actions derived in this paper, and 
show their connection to other unconventional actions known in the literature. 

In the case of spin one, starting from the action (3.4) with p = 1, one can solve the con- 
straint (3.5) as (3.6) introducing an antisymmetric field B^ v . After dimensional reduction 
(but without dualization), one ends up with the action: 



d d x 



(A.l) 



In the massless limit, this action does not contain any mixing term. The A p part is given by 
a Maxwell action, therefore describes a massless spin one, whereas the B^ v part corresponds 
to the so-called "notoph" action [36], describing a massless scalar. 

Analogously, in the case of spin two, starting from the action (3.24) with p = 1, one 
can perform dimensional reduction to get 

S[h mn ,7r^} = Si[tt^, h^} + S 2 [h pu , h dd ] + jjd d x t&» V , (A.2) 

where S\ and 52 are given by: 

51 = S n [ttH ~\f d d x V du if , S n [ttH := 1 J d d x (if tt^ - gij vr^ 2 ) , 

5 2 = 5 E [V1 + \j d ? x h dd (^ V " D ^) • ( A - 3 ) 

In the massless m = limit, the action (A.2) becomes a sum of two independent actions 
Si and S2 . 

Spin one mode The action Si can be shown to be on-shell equivalent to the Maxwell 
action: 

Si = - I d d x A v] , A^ := h pd , (A.4) 



after solving the equations of motion of the conjugate field ir^. 

On the other hand, one can solve the constraint as (3.27) by introducing a field U pUtPCT 
of [2, 2]-symmetry, and get an equivalent four-derivative action: 

Si = S N [ir^(U)\ 

= \j d d x [U^ pa d? d a d x d K - ^ U% jp(T &> d° dx 8 K U u u ' Xk ] . (A.5) 

This action propagates a massless spin one, so-called "notivarg" [37]. 
Spin two and scalar modes The action S 2 can be diagonalized as 

S 2 = S E [V] + ^ / ' d d x(j)U(f), ( V . 0) : = (V + -dh^ h dd ,^2^h M ), (A.6) 
making obvious its propagating content. 
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Alternatively, one can also solve the constraint (2.6) by (2.7) and follow the equalization 
procedure of Section 2 to arrive at the four-derivative action: 

S 2 = S E [h(ip)] = S B fa w ... w _ a ,i/] ■ ( A - 7 ) 

This is the Bach action for the hook field <Pu-i—u d _ 2 ,v > w hh spin two and zero unitary 
propagating DoF, as one can see from the equivalent action (A. 6). 
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